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Nanometer Regularity in the Mechanics of a Precision
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The nonlinear microdynamics of a precision deployable space structure revolute joint incorporating angular
contact ball bearings are investigated. Using a controlled-displacement force-state mapping method, it is shown
that the hysteresis of the joint approaches material damping levels as the motions approach nanometer levels, both
in extension and rotation. This suggests that structures developed from such a joint will be asymptotically linear at
nanostrain motions. Moreover, the joint has regular microdynamicsfor displacements of nanometers and rotations
of microradians. No mechanical irregularities are detected to at least 5 nm of extensional resolution and 20 nrad
of rotational resolution. For extensions of 1 ¹m or less, the axial stiffness shows negligible hysteresis, which within
the resolution of the test, is comparable to material damping. In rotation, the joint exhibits nonlinear rotational
behavior consistent with Todd/Johnson hysteresis loops (Todd, M. J., and Johnson, K. L., “A Model for Coulomb
Torque Hysteresis in Ball Bearings,” International Journal of Mechanical Science, Vol. 29, 1987, pp. 339–354) and
is repeatable down to torques of 10 ¹-N-m. The data support the conclusion that machined irregularities in the
bearing component surfaces result in smooth, rather than irregular, microdynamic response.

Nomenclature
b = linear curve � t intercept
Fz = axial force
f . Px; x/ = nonlinear restoring force
Kz = extensional spring constant
Kµ = hinge axis spring constant
Mµ = hinge angle moment
m = mass [Eq. (2)], linear slope [Eq. (4)]
s = Dahl4 model reversal slope
T = rolling friction torque
Ts = steady-state rolling friction torque
t = time
u = externally applied generalized force
x; y = in-plane joint degrees of freedom
z = axial joint degree of freedom
° = empirical Dahl4 constant
µ = joint rolling (hinge) angle
¾ = curve � t standard deviation
Á = joint compliance angle (about x )
Ã = joint torsion angle (about y)

Introduction

S TRUCTURES are commonly deployedfrom spacecraftto form
geometrieslarger than their respectivelaunchvehicleshroud.In

the past, only low-precisionstructureswere deployed, such as com-
munication antennas, solar arrays, and magnetometer booms. Re-
cent developments in structures, mechanisms, and adaptive control
technologies have lead to the consideration of very high-precision
deployed structures for new science instruments, such as a large
diameter optical telescope and a long baseline interferometer.
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Beforesuch instrumentscanbe reliablyengineered,it is important
to understand the mechanics of high-precisiondeployed structures
at very low levels of motions. Many future high-precision deploy-
able instrumentsmust bedimensionallystableto tensof nanometers.
Although the mechanics of structural components are well charac-
terized at macroscopic motion levels, little is available in the lit-
erature to describe the low-level mechanics that are critical to the
engineering of high-precisiondeployable structures.

This paper presents results from low-level micromechanical test-
ing of a new joint speci� cally developed for high-precisiondeploy-
able structures. These results are the � rst extensive set of data to
characterizethe mechanicalresponseof a revolute joint at these low
levels of motion. In many previous precision deployable structures,
the jointsof were typicallypress � t and machined to high tolerances
to achieve macroscopic shape stability.1 Prior investigations, how-
ever, have never validated joint microdynamicsat nanostrainlevels.

The joint studied in this experimental investigationwas designed
to be microdynamicallybenignwhile retainingthe characteristicsof
low deploymenttorque, large angularmotion,and low cost (Fig. 1).1

Speci� cally, the design of this angular-contact bearing joint elimi-
nates most nonlinearities arising from joint freeplay and from fric-
tion. However, it was not known if the new design exhibits com-
plex mechanical interactions at micrometer and nanometer levels
of deformation. A particular concern was that contact surface tip
asperities in the ball bearings and races might dominate the micro-
dynamics, giving rise to a random nonlinear response.Electron mi-
croscope pictures show pits and grooves in a steel race (Fig. 2) and
a steel ball bearing of the joint (Fig. 3) that have a typical size be-
tween 1 and 10 ¹m. These surface irregularities are the result of
manufacturing processes and the material crystalline structure.

Furthermore, microdynamic testing of a precision deployable
structureincorporatingthese jointshas identi� ed nonlinearresponse
to dynamic loading of the same order of magnitude as the surface
irregularities in the joints.2 However, the Hertzian contact patch3

between the ball bearing and race in these joints is approximately
60 £ 280 ¹m, which implies that the effects of local irregularities
(the tip asperities) within the contact patch may be smoothed by
averaging over the contact patch. Thus, it is not known whether
microdynamic instability in deployed structures are caused by me-
chanicalirregularitiesin the jointsor are an indirectresultof smooth,
nanoscopicmicroslip frictional interactionsin the joints.The exper-
iments described in this paper provide data on this issue as well.
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Fig. 1 NASA Langley Research Center precision deployable joint.

Fig. 2 Electron microscope photograph of the steel race surface at
10-¹m scale.

Fig. 3 Electron microscope photograph of the steel ball bearing sur-
face at 10-¹m scale.

If the Hertzian contact pressure dominates the friction charac-
teristics, it is likely that an analytical model can be developed to
describethe micromechanicsof the joint. It has been experimentally
observed that the friction torque of ball bearings at low rotational
speeds (less than 1 deg/s) traces out hysteresis loops. Dahl4;5 found
a good � t to experimental data in the following model:

dT

dµ
D ° T 2

s

³
1 ¡

T sgn Pµ
Ts

´2

(1)

Many improvements and applications of the Dahl curve � t are re-
ported by Todd and Johnson6 and Lovell et al.7;8 These previous
studies were limited to rotations of hundreths of a radian or more.
Downey et al.9 demonstrated that an approximation of the Dahl
curve � t explainedball bearing motions for oscillationsof 25–1000
¹rad at temperatures down to 4 K. (The actual motion was not
measured.) Hachkowski and Peterson10 experimentally measured
steady rolling friction torques for the precision revolute joint con-
sistent with predicted values,6 but this work did not characterize the
loops themselves. The Todd/Johnson model, in particular, is based
on the critical assumption of contact mechanics: that friction be-
haves coulombicallyin a differentialsense. This presumptionmight
be expected to fail at microradians of rotation of a bearing when
the proportion of slipped regions in a contact patch is small. It is,
therefore, important to verify the Todd/Johnsonmodel at such small
rotations.

The primary objective of this paper is to draw conclusionsabout
the micrometer- and nanometer-levelmicrodynamicsof the class of
precisionstructuraljoints thatwoulduseballbearings.More than the
measurement of a particular joint design, comparison to predicted
empirical results is used to extend the generalityof the observations.
Using a force-state map, the applicability of the Dahl curve � t for
describing the joint’s friction microbehavior is evaluated, as is the
Todd/Johnson bearing model. These experiments will validate the
Todd/Johnson theory at previously unmeasured levels of motion.
As a result, the paper will draw conclusions about the effect of
machine irregularities and about the variation of joint nonlinearity
at nanostrainlevels.Both conclusionswill be importantto the design
of precision deployable structures, and neither can be found in the
literature.

The remainder of this paper is organized as follows. In the � rst
section,we review restoring force methods and the force-statemap-
ping (FSM) technique.Next, the microbehaviorFSM experiment is
described in detail. A discussion of the axial and rotational test re-
sults follows.In the last section, thepaper concludeswith a summary
of the joint’s microbehavior.

Restoring Force Methods
In the results presented, the FSM method is used to measure non-

linear micrometer-level joint mechanics. The FSM technique is a
subsetof a class of nonlinearidenti� cation techniques,called restor-
ing forcemethods,which has successfullyexperimentallyidenti� ed
nonlinear single degree of freedom (SDOF) and multiple degree of
freedom and time-dependent systems.11¡19

Restoring force methods assume that a physical,dynamic system
obeysNewton’s secondlaw of motion for mass that is time invariant.
For an SDOF system, the equation of motion is given by

m Rx.t/ C f [ Px.t/; x.t/] D u.t/ (2)

The system mass can not be a direct function of time, but can be in-
directly time dependent through dependence on the physical states.
The function f is a general functionof the internalor restoring force
of the system. Therefore, if the acceleration and external force are
measured, the restoring force can be determined by

f . Px; x/ D u ¡ m Rx (3)

The measured restoring force can be visualizedas a surface over the
phase, or state, plane. This plot is called the force-state map of the
system.

The restoring force method developed by Masri and Caughey11

generated a model for f by � tting the measured data to a double
expansion in Chebyshev polynomials in the variables x.t/ and
Px.t/. Crawley and Aubert12 used a general polynomial expansion
to model f when they independently developed the FSM method.
The usual procedure for determining the coef� cients of either type
of expansion is by a direct least-squares method. Studies18;19 have
shown that general polynomial expansions produce better results
than Chebyshev expansions,which is the reason this work uses the
FSM method.

The true strength of restoring force methods is their ability to
� t experimental data to models of physical phenomena. Systems
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with discontinuitiesin their stiffnessor dampingbehavior,14¡16 hys-
tereticsystems,16 andsystemswith time-varyingstiffnessanddamp-
ing properties16 have all been experimentally identi� ed. Restoring
force methods can also accurately identify coulomb friction14¡16

and piecewise linear stiffness behavior.16 When the behavior due
to these physical phenomena is presented as a force-state map, a
qualitativeassessment of the in� uence of each type of phenomenon
can be made due to the unique graphical features characteristic of
each phenomenon.

Micrometer-Level FSM Experiment
Test Con� gurations

Figures 4 and 5 show the two test con� gurationsused to measure
the micrometer-level FSM. For the axial tests, an electrodynamic
shaker attached to a backstop applied a force to the joint. A stinger
from the shaker connecteddirectly to a force transducer, that in turn
was attached to the joint (Fig. 4). For the rotation tests, motion was
induced using a piezoelectric translator (Fig. 5).

In both tests, the appliedforce was measured with an in-line force
transducer. In the rotation tests, this force was resolved into the ap-
plied moment. The motion of the joint was measured by three non-
contact � ber optic displacement gauges arranged to provide mea-

Fig. 4 Axial micro-FSM test con� guration.

Fig. 5 Rotational micro-FSM test con� guration.

surements of planar tilt, roll, and extension.The sensor target plate
was not in the applied load path.

The experiments are designed to determine the force-state map
for the axial tension–compression state and for the rotation angle
about the hinge line of an angular-contact bearing joint in its fully
deployed con� guration. Although the system inertia, damping, and
stiffness tensors are dependent on the rotational state of the joint,
they were always assumed to be tangentially constant because the
testing procedure was carefully designed to keep the rotations on
the order of microradians.Additionally, the excitation signals were
chosenso that the inertia termwas always less than1% of theapplied
force or moment. The testing protocol made no attempt to counter
gravity effects.

In developing and interpreting the results from an FSM exper-
iment, it is important to consider two subtleties about the applied
load and resultingmotion.First, a force-statemap is necessarilylim-
ited in range to a force-stateregion surroundinga nominaloperating
pointof the experiment.In the experimentsreportedon in this paper,
this operating point was around the 1-g weight of the test specimen.
Any off-axis loads were mechanically regulated to be below the
resolution of the test apparatus. Because the mass of the specimen
was less than 1 N, the 1-g operating point offset was much less than
the 20 N nominal applied loads. A more profound effect on the re-
sults is the use of a controlled-displacement actuation, rather than
a controlled-loadactuation. In a controlled-displacement actuation,
the displacement is applied, and the resulting transmitted force is
measured. In a controlled-load actuations, the load is applied, and
the resulting displacement is measured. Although it is usual to use
a controlled-displacement actuation in FSM methods, these results
do not necessarily predict the response under a controlled-loadac-
tuation. In particular, this means that the experiments reported on
here will characterize the microdynamic hysteresis of the joint, but
not the microdynamic stability. Such experiments are the subject of
future papers.

Data Collection Protocol
The equipmentused to perform the experiment is diagrammed in

Fig. 6. A master program communicates to all equipment through
a parallel computer instrument interface and a multichannel input
and output data acquisition board. A waveform generator program
passes the waveform for a speci� c trial to the piezoactuator con-
troller (or shaker power ampli� er). The signal is then delivered to
the piezoelectric actuator (or shaker). A data collection program
loads previously de� ned experimental parameters. Next, the data
collection program initializes the data acquisition board and the si-
multaneous track-and-holdmodule. Then the sensor gains and � lter
levels are set on a dc signal conditioner. The � ber optic sensors
and the force transducer(s) send their signals to the dc signal con-
ditioner during a test. The signals are ampli� ed and � ltered by an
eighth-order Butterworth low-pass � lter. A track-and-hold module
simultaneouslysamples up to 8 channels,which are digitizedby the
16-bit ADC on the data acquisitionboard. The � ltered and digitized
raw time data from each sensor are then recorded by the data col-
lection program. A data analysis program performs additional data
processing before generating FSM plots.

Experiment Parameters
The parameter choices for this study are shown in Tables 1 and 2

and are explainednext.Data were collectedat severaldifferent sam-
pling rates between80 and800 Hz. The 80-Hz sample rate is slowest
rate possible given the roll-off characteristicsand minimum corner

Table 1 Experimental parameters

Parameters Value

Sample rate 80–800 Hz
Sample points per channel 8,192, 16,384, or 32,768
Waveform for axial tests 10-Hz ramped sine wave
Waveform for rotation tests 0.025-, 0.1-, 0.5-, 1.0-, and 2.0-Hz

sine waves
Axial force amplitude 20 N (»4.5 lbf)
Moment amplitudes 0.003–0.02 Nm (»0.4–3 in.-oz)
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frequency (10 Hz) of the antialiasing� lter. The higher sample rates
are used to always provide at least nine full cycles of the excita-
tion single while keeping the number of data points collected per
channel to be 8192, 16,384, or 32,768. The high ratio of sample
rate to excitation frequency provides very smooth, continuous dis-
placement measurements. This high sample rate helps to minimize
the errors introduced by differentiating the displacement measure-
ments to obtain velocity and acceleration data. After no noticeable
increase in numerical noise from differentiatingsignals with fewer
sample pointsarose,most tests used 8192 sample pointsper channel
to minimize data processing time.

The 10-Hz ramped sine wave for the axial tests produces the sim-
plest excitationinputsignal that can adequatelycover the stateplane,
i.e., all combinations of displacement and velocity. The � ve differ-
ent sine waves for the rotation tests each use � ve different voltage
amplitudes,which producethe moment amplitudesgiven in Table 1.

Analysis Protocol
Three general operationswere performed on the scaled measure-

ment data from each experiment. First the data were postprocessed
in three phases. Phase 1 removed the average offset value in each
ensemble of each sensor. This bias was removed because the � ber
optic probes could only measure relative displacements, not abso-
lute position.The secondpostprocessingphase � ltered the data with
a forward and backward second-order low-pass Butterworth � lter
with a corner frequency less than 10 Hz, iteratively determined to
minimizebothsensornoiseanddistortionof the signal.Thisstepwas
required because the lowest antialiasing � lter available in the hard-
ware had a corner frequencyof 10 Hz. The third phase removed any
linear time drift from the signals by using a nonlinear least-squares
algorithmwith freevariablesfor thedcoffset,slopeof the linear time
drift, and amplitude, frequency, and phase angle of the sine wave.
The linear time drift observed in the displacementgauges was most
likely due to thermal drift within the laboratory environment.

The six rigid-body DOFs of the joint are 1) the axial transla-
tion motion due to tension and compression, z, 2) the translational
motion that parallels the hinge line of the joint, y, 3) the transla-

Table 2 Identi� ed values of Ts and s from all amplitudes

Ts , Nm s, Nm/rad ¾� t; %Excitation
frequency, Hz Mean ¾ Mean ¾ Mean ¾

0.025 0.134 0.088 132 8.0 0.34 0.20
0.100 0.103 0.032 136 8.1 0.33 0.18
0.500 0.129 0.048 140. 7.1 0.32 0.20
1.000 0.118 0.044 138 7.9 0.29 0.18
2.000 0.124 0.045 138 6.6 0.23 0.12

Fig. 6 Data acquisition system block diagram.

tional motion perpendicular to the other two, x , 4) the compliance
angle rotation Á, 5) the hinge angle rotation µ , and 6) the torsion
angle rotation Ã . Of the six rigid-body DOFs and six generalized
applied forces, only the z; Á, and µ states and the Fz and Mµ forces
were observable due to the number and placement of sensors and
the force transducers.

The primary assumption of all of the equations used in this stage
of the analysis is that the joint, test � xtures, and target plate (see
Fig. 4) remain rigid under all of the applied loads. This assumption
implies that the kinematics of the test apparatus need include only
the six rigid-DOFs of the joint. With this known geometry infor-
mation and the rigid-bodykinematic equations of motion, the three
observable states can be determined from the three displacement
measurements if the unobservable states are assumed to be zero. A
Newton–Raphson procedure20 extracted the observable states from
the sensor measurements in this manner.

The third data operationdifferentiatedthe displacementmeasure-
ments of the extracted states to obtain velocity and acceleration es-
timates by a � ve-point central difference rule. With the estimated
axial and rotational state measurements, a program utilizing the
Levenberg–Marquardt nonlinear least-squares method20 identi� ed
nonlinearparametric models of the joint’s microbehavior.This pro-
cess is described in the results sections.

Validation Tests
An experiment to validate the testing and analysis protocols was

performed on an aluminum rod. The rod had a 9.5-mm diam and
a length of 6.2 cm. Tests of the rod in both axial and rotational
con� gurations provided a measurement of the stiffness of the test
apparatus,whichwas foundto be approximately10 times stiffer than
the axial stiffness of the joint. The test apparatus was also found to
have no resonancesbelow 40 Hz. This experimentvalidated the key
assumptionof the data analysisprotocol: that the dynamic behavior
of both the test article and test apparatus could be ignored and that
only rigid-bodymotions and static displacementsare induced in the
test specimen.

Axial Test Results
Figure 7 shows a scatter plot of 8192 data points from a 10-Hz

ramped sine wave test presented as a force-displacement plot.
Figure 8 presents the correspondingforce-statemap. The measured
displacements and forces, after � ltering, have a resolution of 5 nm
and 0.01 N, respectively. It should be noted that these results do not
identify the joint’s stiffness alone, but also include the effects of the
axial stiffness of the test apparatus. The mean effective stiffness of
the joint embedded in the test apparatus is 20:5 £ 106 N/m with a
standard deviation of 5:31 £ 104 N/m over 30 ensembles (less than
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Fig. 7 Axial force-displacement behavior of the joint.

Fig. 8 Force-state map for the axial state.

0.3%). As discussedextensivelyin Ref. 21, the small amount of hys-
teresis was too small to distringush between linear viscous damp-
ing, coulombic friction, or structural-type damping model forms.
All three models provide very high agreement with the data but
result in comparably uncertain estimates of the low identi� ed loss
factors. However, the estimates of the loss factors were all of the
order of 0.5–1.5%, which is consistent with the material hysteresis
in the ball bearing components themselves.

Thus, although the precise form of the hysteresiscannotbe deter-
mined, it can be stated that nanostrain extensions in this particular
joint result in negligible nonlinearity due to friction.21 This behav-
ior is markedly different from typical pin-clevis joints. Down to the
submicrometer level, the axial behavior in this joint is linear. The
lack of a velocity-dependentstep in the FSM indicates that coulomb
sliding friction is also absent from the angular-contactbearing joint
in extension. This implies that all of the loss factor observed in
this low-level test could be attributed to material hysteresis or to
microslip friction with comparable certainty. In other words, in ex-
tension, this joint is indistinguishablefrom monolithic materials at
nanostrain levels.

Rotational Test Results
Submicrometer Regularity in Rotation

Hypothesizingthat the tip asperitieson theball bearingsand races
would only interact when the joint rotates, it was thought that more
nonlinearbehaviormight be observedin the rotationtests than in the
extension tests. To get the displacement control necessary to rotate
the joint through microradians,a piezoactuator(Fig. 5) replaced the
shaker of the axial tests.

Fig. 9 Torque-rotation behavior (0.5-Hz sine wave excitation).

Fig. 10 Fine detail of the 0.5-Hz sine wave excitation experiment.

Insteadof rampinga sine wave up and down to sweep out the state
plane, the excitation signals for the rotation tests were sine waves
with � ve discrete amplitudes.This changeallowed the experimental
results to be used to identify nonlinear behavior while facilitating
the comparison of the measured rotational motion to that predicted
by the Todd/Johnson model of bearing friction.

Figure 9 shows theobservedbehaviorat all � ve discreteexcitation
amplitudes for the 0.5-Hz sine wave excitations. Each hysteresis
loop consists of eight complete cycles of three separate ensembles.
Each separate ensemble is individually centered about the origin.
Figure 10 magni� es the innermost set of hysteresis curves for the
0.5-Hz sine wave excitations.

The � rst conclusion of these tests is that the precision joint’s
rotational microbehavior is measurably nonlinear. However, the
response is repeatable and predictable within the measurement res-
olutions,which were 20 nrad (4 m-arcseconds) of rotationand 1:2 £
10¡5 Nm of appliedmoment. Although nonlinear,the rotationalmi-
crobehavior is not complex nor does it exhibit the irregularity one
might have expected from the contact patch tip asperities.

Dahl Hysteresis Curve Fits
The data suggest that the Hertzian contact patch mechanics gov-

ern friction behavior in this regime of motion and that, therefore,
the data might be consistentwith Dahl4;5 hysteresis loops observed
at macroscopic rotations. The microradian rotation data in fact dis-
playseveralcharacteristicsof these loops.First, the jointexperiences
positive angular velocities while moving along the upper branch of
the hysteresiscurve and, similarly, negativeangular velocitiesalong
the bottom branch. Second, the hysteresis loops are nested inside
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Fig. 11 Torque-rotation behavior (1.0-Hz sine wave excitation).

otherhysteresisloopsas theamplitudeof angulardisplacementis in-
creased. The third important characteristicof Dahl hysteresis loops
is that the steady rolling friction torque is independent of the mag-
nitude of the joint’s angular velocity about the bearing axis for low
speeds (less than 1 deg/s).

To verify this, the joint’s peak angular velocities were varied
by changing the frequency of the excitation sine wave. Figure 11
shows the rotational microbehavior for the joint under 1.0-Hz sine
wave excitations.Like the 0.5-Hz data plotted in Fig. 10, each thick
hysteresiscurve is the result of plotting24 cycles from three distinct
ensembles. Comparison with Fig. 10 veri� es the invariance of the
hysteresis curves with changes in velocity.

Veri� cation of the Todd/Johnson Model
Todd and Johnsonderivedan analyticalmodel that can predict the

shape of the Dahl hysteresiscurves and the magnitudeof the steady
rolling friction torque to within 10–20% of the theoretical value.6

Their model assumes that the shape of the curves is independentof
the magnitude of the angular velocity about the bearing axis. Fur-
thermore, they presume that the reversal slope s is independent of
amplitude, but that otherwise the bearing friction hysteresis curve
is determined by the Dahl empiricism. We note that the indepen-
dence of the reversal slope s on amplitude is required by elastic-
ity and contact mechanics, but is generally not guaranteed by the
Dahl empiricism. The success of identifyingboth the steady rolling
friction torque Ts and the reversal slope s from the experimental
data will validate the Todd/Johnson model at microradians of
rotation.

A nonlinear least-squares curve-� t algorithm extracted an esti-
mate of the friction torque and slope from each branch of the 24
hysteresis loops measured at a given excitationamplitude.The stan-
dard deviation in the estimates of the friction torque and slope were
1:2 £ 10¡4 Nm and 0.022 Nm/rad, respectively.The identi� ed val-
ues for all of the experiments,overall excitationlevels,arepresented
in Table 2. In general, the model-� t error from all excitation fre-
quencies is 0.3%, and the standard deviations imply that over 99%
of the responses would have a model-� t error less than 1%. Thus,
to within the accuracy of the day-to-dayexperimental repeatability,
the joint’s microbehavioris accuratelydescribedby Dahl hysteresis
loops.

The next question is whether the Todd/Johnson model can pre-
dict the observed behavior. As reported in Ref. 10, the analytical
prediction of the steady rolling friction torque for this precision
joint is 3:5 £ 10¡3 Nm, and the experimentally measured value is
3:2 £ 10¡3 Nm. The experimentally identi� ed friction torque val-
ues, presented in Table 2, are about 40 times higher than either of
these values. Several systematic uncertainties in the test apparatus
may explain this higher observed friction. The most likely cause is
the � exure connectedto the piezoactuator,which applies a restoring
moment as the joint is rotated (see Fig. 5). The � exure, assumed to
behave as a linear torsion spring, distorts the hysteresis curves into

Fig. 12 Steel calibration test specimen used to identify parasitic rota-
tional stiffness in the apparatus.

Fig. 13 Torque-rotationbehaviorof thesteel calibrationtest specimen.

the observed shape, effectively masking the true hysteretic behav-
ior. The next section discusses an experiment used to estimate the
magnitude of this systematic error.

Steel Calibration Beam Tests
A simple experiment using a steel calibration beam was per-

formed to identify the � exure’s torsional stiffness. The beam had
a diameter of 3.71 mm and a length of 54.5 mm (Fig. 12). Five tests
recorded the axial displacement and angular rotation of the beam’s
tip under comparable displacements used in the beam tests. The
� rst set of three tests excited the beam with the � exure rotated about
30 deg from the vertical. The second set of two tests recorded the
beam’s tip response with the � exure oriented vertically.

The rotation experienced by the steel beam’s tip with changing
restoringmoment is shownin Fig.13.Figure13 shows thebeam’s re-
sponses to eight cyclesof 0.5-Hz sine wave excitation.An important
conclusion is reached after comparing the beam’s tip rotations with
the joint’s microbehavior in Fig. 10: the observedbehaviorascribed
to the jointdoes in fact come from the jointand not the test apparatus.
Through comparisonof the two sets of calibrationbeam tests, it was
proved that the beam’s (or joint’s) microbehavior is independentof
the � exure’s orientation.
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The extremely linear microbehaviorpromised to clearly identify
theparasitic torsionalstiffnessof the test apparatusthatwas assumed
to be concentratedin the� exure.Twoanalyticalmodelswerederived
to perform the nonlinear least-squarescurve � t to the data. The � rst
model assumed that all parasitic torsional stiffness could be lumped
into a torsional spring attached to the tip of the beam. The second
model added a linear spring, connected to ground, at the end of a
rigid offset that was attached to the beam’s tip. This spring provided
a moment arm for this nonphysical linear spring to couple into the
beam’s tip rotation behavior.

The identi� ed torsional spring constant for the � rst model, over
all 15 ensembles, is 139.6 Nm/rad with a standard deviation of
1.1 Nm/rad. The second model produced a family of solutions for
the identi� ed hinge spring constant Kµ and linear spring constant
Kx , which satis� ed the following relationship:

K x D m Kµ C b (4)

Over all 15 ensembles, the identi� ed value of m is ¡140 rad/m2

with a standard deviation of 1 rad/m2 . Similarly, b has a value of
18,600 N/m with a standard deviation of 10 N/m. When taken with
the physically realizable values for Kµ , Eq. (4) gave equivalent tor-
sional spring constants from 100 to 116 Nm/rad. Therefore, the un-
certaintyin theequivalenttorsionspringconstantvariessigni� cantly
just from the choice of model. In contrast, the observed joint rota-
tion behaviorwould agree with the predictionsof the Todd/Johnson
model if the identi� ed equivalent torsional spring constant were
approximately 57 Nm/rad. This implies that neither model for the
parasitic stiffness in the test apparatus could account for the higher
levels of hysteresis observed in rotation.

Conclusions
The experimental identi� cation of the nonlinear microdynamics

for an angular-contactbearing joint was reported.The FSM method
was used to identify the behavior of the joint under very low ap-
plied moments and rotations of microradians.No mechanical irreg-
ularities were detected to at least 5 nm of extensional resolution
and 20 nrad of rotational resolution. This implies surface irregu-
larities in the bearing contact surfaces do not result in irregularity
in the joint’s low-level mechanics, which means that the joint mi-
cromechanicsare determinedby the averagingeffect of the Hertzian
contact patch rather than the machined irregularities in the bearing
component surfaces.

Perhaps the most signi� cant observation was that the nonlinear-
ity, both in extensionand in rotation,collapsesto material hysteresis
levels for microscopic motions and rotations. In extension, submi-
crometer strains resulted in an amount of hysteresis so small that it
could not be distinguished from material damping in the joint. For
microradians of rotation, the hysteretic loss factor was also signi� -
cantly reduced (as predicted by the Dahl empirical model). Both of
these facts suggest that it may be possible for precision deployable
structuresconstructedfrom this type of joint to behaveasyptotically
as linear as the materials themselves in the low-level (submicrome-
ter) range of motion.

Finally, the Todd/Johnson physical model of bearing friction
agreedwith thedatasomewhat. In particular,the independenceof re-
versal slope with amplitude was successfullyveri� ed at nanoscopic
motion amplitudes. However, very small residual stiffnesses in the
apparatusdid not allowquantitativeveri� cationof the Todd/Johnson
friction values.
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